The analytic expression of the Wigner function for bound eigenstates of the Hulthén potential in quantum phase space is obtained and presented by plotting this function for a few quantum states. In addition, the correct marginal distributions of the Wigner function in spherical coordinates are determined analytically.
Introduction
The Wigner quasi-probability distribution introduced by Eugene Wigner in 1932 [1] for the study quantum corrections to classical statistical mechanics is a special type of probability distribution. Although it plays a role analogous to that of classical probability distribution, it could be treated only as a quasi-probability distribution, because it is not positive everywhere in the phase space. Despite this drawback, it has been used with success in many areas of quantum mechanics providing an alternative framework in which quantum problems can be treated in terms of classical concepts. For a quantum system in a pure state (r) the general expression for the Wigner * E-mail: stanek@amu.edu.pl function (WF) reads W (r p) = 1 (π¯ ) 3 +∞ −∞ * (r − q) (r + q) −2 pq/¯ 3 (1) where coordinate r and momentum p denote canonical conjugate variables in the six-dimensional phase space. It can be easily demonstrated that WF has correct marginal distributions, i.e., integration over the momentum p leads to the probability density | (r)| 2 and complementary, it becomes the momentum probability density | (p)| 2 when integrated over the entire configuration space. Additionally, it can be normalized to unity and it also obeys the orthogonality relation. Because WF contains all information about the state of the system it can be used to compute any kind of physical observables. In particular, for the physical quantity represented by A (r p), the quantum average can be computed according to the formula A = W (r p) A (r p) r p, where the quantity A (r p)
is obtained from the Weyl-Wigner transformation [2] .
To start analysis of these properties of WF, it will be instructive to consider quantum states of a simple structure for which the rigorous solutions of the corresponding WF are known. However, we can refer only to a few simple quantum systems for which it is possible [3] . Hence, it would be valuable to expand the present analysis to include the Hulthén oscillator whose WF, as far as we know, has not been worked out in literature yet. It would be particularly desirable, because the Hulthén potential [4, 5] is one of the most important short-range potentials widely used in several branches of atomic [6, 7] , molecular [8] , nuclear [9, 10] or chemical physics [11, 12] . Unfortunately, the corresponding Schrödinger equation expressed in the spherical coordinate system, can be solved exactly only for the -states with zero-angular momentum, i.e., the states with = 0. For = 0 we can use only approximate methods to find the bound state energy eigenvalues, such as the variational [13, 14] , exact quantization rule [15] , the Nikiforov-Uvarov [16] , the shifted 1/N expansion [17] , supersymmetry [18] or the asymptotic iteration methods [19, 20] . Recently, in our own study [21] we used a modified approximation scheme, similar to the one introduced by Lu [22] . Taking the centrifugal term as
we found a rigorous solution for = 0 states, but where the coefficients are to be determined as functions of the potential parameters depending on the quantum state considered. Our results show that this approximation leads to results that are in good agreement with those obtained by numerical or quasi-analytical methods, especially for a large values of the screening parameter δ. For the wave function and the eigenvalues given in [21] , we have obtained the analytical solution of the Wigner function for the Hulthén potential and plotted the corresponding WF on phase space for a few quantum states. To make our presentation as self-contained as possible, we begin our discussion in Section 2 with a brief review of the solution of the Hulthén potential for arbitrary states. Section 3 is devoted to obtaining the analytical expression of WF by direct use of the wave function, and the correct marginal distributions. In Section 4 we discuss our results, and finally in Section 5 we give some conclusions.
Eigensolution of the Hulthén potential for = 0 states
The Hulthén potential we examine in this paper is de-
where Z , and δ are the atomic number, electric charge and the screening parameter, respectively. The radial part of the Schrödinger equation for the relative motion of two particles interacting via Hulthén potential can be written as
in terms of the reduced mass µ and the effective potential
is the centrifugal potential depending on the quantum number . By using the approximation given in Eq. (2), the effective potential can be written as
Making the standard change R ( ) = ( ) and inserting it into Eq. (3) we obtain
After introducing a new variable =
−δ
Eq. (5) can be rearranged as
where we used the following dimensionless parameters given by
As shown in our paper [21] , Eq. (6) can be solved analytically to give the radial wavefunctions 
The Wigner function of the Hulthén oscillator
In order to obtain the WF related to the wavefunction (r) we shell proceed with our calculation using spherical coordinate system. To simplify integral (1) we choose the axis in the direction of r, with θ as the angle between r and p and θ as the angle between r and q. Then Eq. (1) reduces to [23] 
when we carry out integration over the polar angle φ . In Eq. (11) J 0 ( ) denotes zero-order Bessel function and = cos θ . It is rather impossible to handle this equation analytically, but for vector r parallel to q which corresponds to θ = 0, we can get the expression for the WF in a particularly simple form
To calculate the WF we used the wavefunction ( ) given by Eq. and θ = 0. Taking into account that the function ( ) is nonvanishing only in the interval 0 < ≤ 1, we have to constrain the integration variable τ for which the function ( /τ) exists. It can be achieved only when 0 < /τ ≤ 1 which leads to the new limits for the integration variable ≤ τ ≤ 1. Bearing in mind that for ( τ) the product τ is always 0 < τ ≤ 1, we find that
Inserting the wavefunction (8) into Eq. (13) we find
where for the generalized hypergeometric function in ( These three analytical expressions correspond to the -, -, and -states, respectively.
In the following we show that the WF yields the correct quantum-mechanical distributions, i.e.
and
what is not so obvious from the expression given by Eq. (11) . For this purpose we substitute the WF (11) into integral (16) , which yields
where
and *
Due to the symmetry of trigonometric functions and with the help of the identity [24] 
Eq. (18) leads to
By the substitution of Eq. (19) into Eq. (17) we get
where we have introduced the abbreviation
Now, we show that B ( ) is a Dirac δ-function. For this purpose we recall [24] the asymptotic behavior
of the Bessel function at the origin and insert this equation into the integral over , which yields
Using the orthogonality relation
of the Bessel function we can rewrite Eq. (21) as
When we substitute this results into Eq. (20) we obtain the final formula
Analogously, we can get the momentum distribution by integration over position .
Results
On the basis of Eqs. (14) and (15) we studied in detail WFs for various states described by the quantum numbers and , the atomic number Z and the screening parameter δ. For the purpose of the present article, we limited our considerations to the Hulthén potential for the states with = 1, = 3 and = 5 only, where plays the role of the principal quantum number = + + 1. In the calculations we used the atomic number Z = 1, the screening parameter δ = 0 05, and the atomic units in which¯ = µ = | | = 1. In Figure 1a and 1b we present the WFs (14) corresponding to the angular momentum quantum number = 0 for two different states with = 0 and = 2. They are compared with those in Figure 2a and 2b for = 2 where similarly as above, = 0 and = 2. Using spectroscopic notation these states correspond to the 1 , 3 , 3 and 5 states, respectively. In both plots we used the space coordinate in units of Bohr radius 0 and the momentum in units of¯ / 0 . It is easy to notice that the WFs are not everywhere positive which can be regarded as a manifestation of their quantum nature . The central part of the phase space is occupied by the highest maximum at max . The outer region is characterized by the oscillatory decay, where the WF oscillates between the positive and negative values. As expected, all WFs are symmetric with respect to the axis = 0. Comparing Figure 1a with Figure 1b we see that the increase in the quantum number leads to a substantial change in the position of the main extreme max which moves to higher values of . Every succeeding excited state generates additional number of extremes localized at < max . However, their intensities are relatively small. Figures 1a and 1b show that with increasing energy the states demonstrate larger spread of probability at greater distance and smaller spread in momentum space. It is also evident that the increase in gives rise to an increase in the number of singularities of WF. All these conclusions are corroborated in Figure 2a and 2b for the excited angular momentum states where = 2 but in a stronger way.
Conclusion
In this work, for the first time, we have obtained the explicit expression of the WF of the Hulthén potential, and checked its correctness through marginal projections. The main results of the computation are given in (14) , (15) and [25, 26] . We have also examined the influence of angular momentum excitation on the phase space representation for a given quantum state. Because this quantum model is widely used in several branches of physics, its WF can be further used to investigate the bound states and scattering properties of many quantum systems. The main advantage of using WF compared to the standard wave-mechanics formulation is that it is easier to interpret and hence offers better physical insights into these quantum phenomena. The expression derived can be also directly used to analyse the influence of such parameters as Z or δ on the form of WF.
